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Abstract
For an infinite abelian group G, let G#denote the Bohr topology on G. We show that G# contains
a countable closed subset which is not a retract. This is a generalization of a result due to Gladdines
for boolean groups.
 2002 Elsevier Science B.V. All rights reserved.
MSC: 54H11; 54C15
Keywords: Bohr topology; Retracts
1. Introduction
For a (discrete) abelian group G, let G# denote G with the Bohr topology; this is the
coarsest topological group topology on G such that all homomorphisms from G into the
unit circle T are continuous. Such homomorphisms are called characters. Thus, sub-basic
open subsets in this topology are of the form {x ∈G: ϕ(x) ∈ U}, where U is open in T
and ϕ is a character. For more information and references, see [1,5,6].
Van Douwen [1] has a number of results and questions on G# as a topological space
(ignoring the group structure). In particular, he asked whether every closed subset of G#
is a retract of G#. Of course, this might depend on G. There is always an F ⊂ G which
is closed and discrete in G# such that |F | = |G| (see [4]). When G is uncountable, this
F cannot be a retract because G# has the countable chain condition. Thus, his question
was really about countable groups. It is easily seen that every closed discrete subset of a
countable regular space is a retract. We show here
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Theorem 1.1. If G is a countably infinite abelian group, then there is a closed F ⊂G such
that in the Bohr topology, F is not a retract and F has exactly one accumulation point.
In the case that G is a boolean group, this result is due to Gladdines [2]. Her proof relied
on a simpler description of the Bohr topology in this case, due to Hart and van Mill [3].
Of course, once we know that F is not a retract in G#, it is also not a retract in H # for
any abelian group H containing G as a subgroup. This follows from the fact that if G
is a subgroup of H , then G# is a topological subgroup of H #. Since every infinite group
contains a countably infinite subgroup, Theorem 1.1 can be applied to arbitrary infinite
abelian groups to get the result stated in the abstract.
Now, it turns out by [5] that a copy of the same F is sitting as a closed set inside every
infinite G#, and this leads to a proof of Theorem 1.1. However, since the topology of G#
can be more complicated than in the boolean case, we must be a bit more careful in the
proof that F is not a retract.
2. The proof
We shall use the following lemma to prove that our set F is not a retract:
Lemma 2.1. Suppose that X is a T3-space, F = {pn: n < ω} ∪ {q} is closed in X, and
each pn is isolated in F . Suppose further that whenever sets Un are open with pn ∈ Un,
then there exists E ⊆ ω such that:
(1) q /∈ cl{pn: n ∈E}, but
(2) q ∈ cl⋃{Un: n ∈E}.
Then F is not a retract of X.
Proof. Suppose that we had a retraction r :X→ F . Then each Un := r−1{pn} is clopen
in X. Fix E ⊆ ω satisfying (1) and (2). Then
q ∈ cl
(⋃{
r−1{pn}: n ∈E
})
by condition (2)
= cl(r−1{pn: n ∈E})
= r−1{pn: n ∈E} because this set is closed.
Therefore, r(q)= pn, for some n, which is a contradiction. ✷
We now describe the F we use for G#.
Definition 2.2. Let Γ = {(i, j): i < j < ω}. If E ⊆ Γ , then the chromatic number of E is
the least κ for which ω can be partitioned into κ many disjoint subsets (or colors) such that
for any (i, j) ∈ E, i and j are not in the same set of the partition. Denote the chromatic
number of E by χ(E).
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Note that χ(E) may be finite or infinite. However, χ(E) ℵ0 for any E, since one can
always partition ω into singletons.
From §7 of [5], we quote the following:
Lemma 2.3. If G is any infinite abelian group, then there is a set of distinct non-0 elements
{ai : i ∈ ω} such that:
(1) The elements aj − ai , for (i, j) ∈ Γ , are all distinct.
(2) F := {aj − ai : i < j < ω} ∪ {0} is closed in G# and each aj − ai is isolated in F .
(3) For all E ⊆ Γ : 0 ∈ cl{aj − ai: (i, j) ∈E} iff χ(E)=ℵ0.
The set A can be taken to be an infinite independent subset of G whenever G contains
such a set; then, in the special case where G is boolean, F would be exactly the same set
used by Gladdines [2].
Proof of Theorem 1.1. Take F as in Lemma 2.3. Then Lemma 2.1 applies to F as a subset
of G#, so all that must be shown is that if open sets Ui,j are given with aj − ai ∈Ui,j then
conditions (1) and (2) of the lemma are satisfied. Since it is harder to meet the second
requirement for smaller sets Ui,j , we may, without loss of generality, replace the sets Ui,j
by smaller open sets which have a more uniform description.
First, shrink to basic open sets. So we may assume that, for each i < j , there exists an
integer mi,j , and for all  <mi,j there are εi,j, > 0 and characters ϕi,j, such that:
Ui,j =
{
x ∈G: ∀ <mi,j
(∣∣ϕi,j,(x)− ϕi,j,(aj − ai)∣∣< εi,j,)}.
Without loss of generality, we may shrink Ui,j further by decreasing each ε and increasing
the number of characters ϕ. Thus we may assume that for each j , there exists rj > 0,
εj > 0, and characters ϕ, for  < j , such that:
Ui,j =
{
x ∈G: ∀ < rj
(∣∣ϕ(x)− ϕ(aj − ai)∣∣< εj)}.
Now, inductively define Pj ⊆ ω for j ∈ ω as follows. First set P0 = ω. For each j > 0
and  < rj , consider the sequence {ϕ(ak): k < ω}. Since the circle is compact, there is
some infinite subsequence, indexed by Pj ⊆ Pj−1 \ {0, . . . , j − 1}, for which these each
converge and converge quickly enough that
∀k,m ∈ Pj ∀ < rj
(∣∣ϕ(ak)− ϕ(am)∣∣< εj ).
Choose S, T such that S,T ⊆ ω are infinite, S∩T = ∅ and for each j , S \Pj and T \Pj
are finite. Set E = {(i, j) ∈ Γ : i ∈ S, j ∈ T , i < j }. Then we shall show that E satisfies
the two conditions of Lemma 2.1.
Condition (1),
0 /∈ cl{aj − ai: (i, j) ∈E},
holds because we can partition ω into two distinct sets, one containing S and the other
containing T . This partition shows that χ(E) 2.
To verify condition (2),
0 ∈ cl
⋃
(i,j)∈E
Ui,j ,
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let V be a basic open neighborhood of 0. So V is of the form {x ∈G: ∀ < N(|ψ(x)|<
δ)}, for some δ > 0, N ∈ ω, and characters ψ(x). We must show that V ∩ Ui,j = ∅ for
some (i, j) ∈E.
Again, because the circle is compact, we can choose infinite S˜ ⊆ S, T˜ ⊆ T so that
∀k,m ∈ S˜ ∀ < N (∣∣ψ(ak)−ψ(am)∣∣< δ/2)
∀k,m ∈ T˜ ∀ < N (∣∣ψ(ak)−ψ(am)∣∣< δ/2).
Fix any i ∈ S˜ and j ∈ T˜ with i < j . Then choose p ∈ S˜ ∩Pj and q ∈ T˜ ∩Pj . We claim
that V ∩Ui,j = ∅ because the intersection contains the element aj − ai + ap − aq .
First note that aj − ai + ap − aq ∈ V because for all  < N∣∣ψ(aj − ai + ap − aq)∣∣ = ∣∣ψ(aj )−ψ(ai)+ψ(ap)−ψ(aq)∣∣

∣∣ψ(aj )−ψ(aq)∣∣+ ∣∣ψ(ap)−ψ(ai)∣∣
< δ/2+ δ/2= δ.
Also aj − ai + ap − aq ∈ Ui,j , because for all  < rj∣∣ϕ(aj − ai + ap − aq)− ϕ(aj − ai)∣∣= ∣∣ϕ(ap − aq)∣∣< εj ,
since p and q are elements of Pj .
Thus, V ∩Ui,j = ∅. ✷
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